Generalizations of The Chung-Feller Theorem 



Jim Ma a '* Yeong-Nan Yeh b ^ 

a ' h Institute of Mathematics, Academia Sinica, Taipei, Taiwan 

Abstract 

The classical Chung-Feller theorem [2] tells us that the number of Dyck paths of 
length n with flaws m is the n-th Catalan number and independent on m. L. Shapiro 
[7] found the Chung-Feller properties for the Motzkin paths. In this paper, we find 
the connections between these two Chung-Feller theorems. We focus on the weighted 
versions of three classes of lattice paths and give the generalizations of the above two 
theorems. We prove the Chung-Feller theorems of Dyck type for these three classes 
of lattice paths and the Chung- Feller theorems of Motzkin type for two of these three 
classes. From the obtained results, we find an interesting fact that many lattice paths 
have the Chung-Feller properties of both Dyck type and Motzkin type. 
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1 Introduction 

Let S be a subset of the set Z x Z\ {(0,0)}, where Z is the set of the integers. We call S 
the step set. Let k be an integer. 

Definition 1.1 An (S, k) -lattice path is a path in Z x Z which: 

(a) is made only of steps in S; 

(b) starts at (0, 0) and ends on the line y = k. 

If it is made of m steps and ends at (r, k), we say that it is of order m and size r. 
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Let Jz? k be the set of all the (S, /c)-lattice path. For short we call (S, 0)-lattice paths iS-paths 
and write Jzf° as Jzf. Let w and Z be two mappings from S to R, where R is the set of the 
real number. We say that w and Z are the weight function and the length function of S 
respectively. For any s G S, w(s) and Z(s) are called the weight and the length of the step s 
respectively. We can view an (S, /c)-lattice path L of order m as a word Sis 2 • • • s m , where 
Sj G 5. In this word, let Sj denote the j-th letter from the left. Define the weight w(L) and 
the length l(L) of the path L as 

m m 

w(L) = Ylw^Sj) and 1{L) = ^Z(sj-)- 
j"=i 3=1 

Moreover, we can consider the path L as a sequence of the points 

(0, 0) = (x , x ), (xi, yi), (x 2 , 1/2), • • • , (a: m , y m ), 

where (xj,yj) is the end point of the step in the lattice path L for j > 1. Let /i(<Sj) = 
hh{.Sj) = yj for all j > 1. We say that fo(sj) is the height of the step Sj in L. Define 

Z(L) = 

Sj£L,h(sj)<0 

l(L) is called the non-positive length of L. A minimum point is a point (xi,yi) in the path 
L such that yi < yj for all j 7^ i, let m(L) = y^ we call m(L) the minimum value of L. 
A absolute minimum point is a minimum point such that the point is the rightmost 

one among all the minimum points, and the index i is called the absolute minimum position, 
denoted by mp(L). Finally, we define the absolute minimum length ml{L) of the path L as 

ml(L) = Yl 

l<j<mp(L) 

Definition 1.2 An (S , k)-nonnegative path is an (S,k)-lattice path which never goes below 
the line y — k. 

Let jV k be the set of all the (S, /c)-nonnegative path. For short we call (S, (J)-nonnegative 
path iS-nonnegative path and write ,yV° as JV . 

Now, we set S = {(1, 1), (1, -1)}, w(s) = 1 for s G S, Z((l, 1)) = 1 and Z((l, -1)) = 0. 
In this situation , an (5, 0)-nonnegative path is called Dyck path as well. We may state the 
classical Chung-Feller Theorem [2] as follows: 
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The number of (S, 0)-lattice paths with length n and non-positive length m is equal to the 
number of the Dyck paths with length n and independent on m. 

It is well known that the number of Dyck paths with length n is the n-th Catalan number 
°n = ^t( 2 ^)- The generating function C(z) := ^2 n>Q c n z n satisfies the functional equation 
C{z) = 1 + zC{z) 2 and C(z) = explicitly. 

The Chung- Feller Theorem were proved by using analytic method in [2]. T.V.Narayana 
[6] showed the Chung-Feller Theorem by combinatorial methods. S.P.Eu et al. [3] proved 
the Chung-Feller Theorem by using the Taylor expansions of generating functions and gave 
a refinement of this theorem. In [4] , they gave a strengthening of the Chung- Feller Theorem 
and a weighted version for Schroder paths. Y.M. Chen [1] revisited the Chung-Feller Theorem 
by establishing a bijection. 

Moreover, if we set S = {(1, 1), (1, —1), (1,0)}, w(s) = 1 and l(s) = 1 for s G S, then 
(S, 0)-nonnegative paths are the famous Motzkin paths. L. Shapiro [7] found the following 
Chung-Feller phenomenons for the Motzkin paths. 

The number of (S, 1) -lattice paths with length n + 1 and absolute minimum length m is 
equal to the number of the Motzkin paths with length n and independent on m. 

It is well known that the number of Motzkin paths with length n is the n-th Motzkin 
number m n . The generating function M(z) := J2 n>0 m nZ n satisfies M(z) = 1 + zM(z) + 
z 2 M(z) 2 and explicitly M(z) = X - Z -^}^ Z =ML, Recently, Shu-Chung Liu et al. [5] use an 
unify algebra approach to prove chung- Feller theorems for Dyck path and Motzkin path and 
develop a new method to find some combinatorial structures which have the Chung-Feller 
property. 

The direct motivations of this paper come from the following two problems: 

(1) When S = {(1, 1), (1, -1)}, w(s) = 1 for s G S, Z((l, 1)) = 1 and Z((l, -1)) = 0, is 
the number of 5-paths with length n and absolute minimum length m independent on m ? 

(2) When S = {(1, 1), (1, -1), (1, 0)}, w(s) = 1 and l(s) = 1 for s G S, is the number of 
5-paths with length n and non-positive length m independent on m? 

We find that the answers of these two problems are yes. In fact, in this paper, let A and 
B be two finite subsets of the set P, where P is the set of the positive integers. We consider 
the weighted versions of the following three classes of lattice paths. 

Class 1. Si = S A U S b U {(1, 1)}, where Sa — {(2i — 1, —1) | i € A} and S B = {(2i, 0) | 
i G B}. 

For any step s G <Si, let 
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i if s = (2i,0), \ bi if s = (2i,0), 

Z(s) = <j i-1 if s = (2i - 1,-1), w(s) = < a* if s = (2i-l,-l), 
1 if s = (l,l), ( 1 if s = (l,l). 

Class 2. S 2 = S A US B U{(1, 1)}, where S A = {(«,-!) | * e A} and S B = {(i,0) | i G £}. 
For any step s G «S 2 , let 

r f 6i if s = (i,0), 

i if s= (i,0) and (i,— 1), j 

t(s) = < w(s) = < a; if s = («, -1), 

1 1 if s= (1,1), I 1 ^ 

L 1 ' ; ' [ 1 if s = (1,1). 

Class 3. S 3 = S A US B U {(1, 1)}, where 5 A = {(1, -2i + 1) | i e A} and S B = {{2i, 0) | 
i e B}. 

For any step s E S3, let 

i if s = (2i,0), f 6i if s = (2i,0), 

Z(s) = <j if s = (l,-2i + l), w(s) = I a t if s = (l,-2i + l), 
1 if s = (M), [ 1 if s = (l,l). 

First, we give the definition of the pointed lattice paths. Then we define two parameters 
on the pointed lattice paths: non-positive pointed length and absolute minimum pointed 
length. So, for any step set S, we say that the pointed (S, fc)-lattice paths have the Chung- 
Feller properties of Dyck type ( resp. Motzkin type) if the sum of the weights of all the pointed 
(S, fc)-lattice paths with length n and non-positive pointed length ( resp. absolute minimum 
pointed length) m are independent on m. Finally, we prove the Chung-Feller theorem of 
Dyck type for the above three classes of lattice paths and the Chung-Feller theorem of 
Motzkin type for Classes 1 and 2. From the obtained results, we find an interesting fact that 
many lattice paths have the Chung-Feller properties of both Dyck type and Motzkin type. 
These results tell us that there are closed relations between two parameters of lattice paths: 
non-positive pointed length and absolute minimum pointed length. 

This paper is organized as follows. In Section 2, we give the definition of the pointed 
lattice path and the definitions of two parameters on the pointed lattice path: non-positive 
pointed length and absolute minimum pointed length. In Section 3, we prove the Chung- 
Feller Theorem of Dyck type for Classes 1,2,3. In Section 4, we prove the Chung- Feller 
Theorem of Motzkin type for Classes 1,2. In Section 5, we give some interesting facts and 
problems. 
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2 The pointed path 



Throughout the paper, we let the step set Si as well as the corresponding weight function w 
and length function I be defined as that in Classes i — 1,2, 3. In this section, we will give the 
definition of the pointed lattice path and the definitions of two parameters of the pointed 
lattice path: non-positive pointed length and absolute minimum pointed length. 

Let L = S1S2 ... s m be an (Si, /c)-lattice path with l(s m ) > 1. Recall that L can be viewed 
as a sequence of the points 

(0, 0) = (x , x ), (aci, 2/1), (x 2 , 2/2), • • • , (x m , y m ), 

where (xj, yj) is the end point of the step Sj in the lattice path L for j > 1. For Classes 1 and 
3 let L = [L, (x m — 2j, 0)] and for Classes 2 let L = [L, (x m —j, 0)] for some < j < l(s m ) — 1, 
moreover, let p(Li) = j. L is called the pointed path since it denote the the path L marked 
by a point on the x-axis and p(L) is called the pointed length of Lj. Let denote the set 
of all the pointed (Si, fc)-lattice path in which the length of the final step is no less than 1. 
For short we write as 

Definition 2.1 Given a path L £ ^1 , let lp(L) = l(L) +p(L). lp(L) is called the non- 
positive pointed length of L. Let mlp(L) = ml(L) +p(L). mlp(L) is called the absolute 
minimum pointed length of L. 

Example 2.2 Let S = {(1, 1), (1, 0), (5, -1)} ; l((l, 1)) = 1, l((l, 0)) = 1 and l((5, -1)) = 5. 
We draw a pointed S-path L of length 14 as follows, where * denote the marked point. 















/ 




-X^p^ 


(q,o) 



















Fig.l. A pointed S-path L of length 14 

Note that the path is in Class 2. So, it is easy to see l(L) = 14 p(L) = 2, l(L) = 8, and 
ml(L) = 6. Hence, lp(L) = 10 and mlp(L) = 8. 

For Classes i = 1,2, 3, define the generating functions 

AG/,*) = E M£)2/ Ri) ^ (LM 

Mi(y,z) = w(L)y mlp ^z l ^~\ 
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Let fi-n^m ( resp. <?i ;nim ) be the sum of the weights of the pointed (<Sj, l)-lattice paths L e jtft} 
with length n + 1 and non-positive pointed length ( resp. absolute minimum pointed length 
) m for (n, m) ^ (0, 0) and f i;0fi = g i;0fi = 1. It is easy to see 

n 

A(F) = £5]/ w A n . (i) 

„>0 m=0 

and 

n 

%«) = EEm m ^ ( 2 ) 

n>0 m=0 

Let be the set of all the iSj-nonnegative path. Define the generating function 

Fi(z) = w(L)z l(L) . 



Lemma 2.3 For Classes 1,2 and 3, we have 

(1) F l (z) = 1 + ( E kA F l (z) + ( E a*') [F^)] 2 

Vies / VieA / 

(2) F 2 (z) = 1 + ( E M') F 2 (z) + f E [^W] 2 , 

Vies / VieA / 

^ F 3 (z) = 1 + ( E M') F 3 (z) + f E ^) [^3 
\ieB J \ieA J 

Proof. (1) Given a path Lg^ and L ^ 0, we suppose that s is the first step of L and 
discuss the following two cases: 

Case I. s — (2i, 0) for some i E B. We can decompose the path L into sR, where Re JV\. 
Note that l(s) = i and w(s) = h { . This provide the term I E ^i z% ) Fi( z )- 

Case II. s — (1,1). Let t be the first step returning to the x-axis. We can decompose the 
path L into sRtQ, where R,Q E ,A[ and t — (2i — 1, —1) for some i E A. Note that l(s) = 1 

and w(s) = 1, l(t) = i — 1 and w(t) = a;. This provide the term I E a i z% ) t-^K- 2 )] 2 - 

VGA / 

(2) The proof is similar to that of (1). 

(3) Given a path Le/ 3 and L ^ 0, we suppose that s is the first step of L and discuss 
the following two cases: 

Case I. s — (2i,0) for some i E B. Similar to Case I in (1), we can obtain the term 



E } F 3 (z) 



Case II. s (jz Sb- Let t = (1, — 2i + 1) be the first step returning to the rr-axis for some 
% G A. Let Sj be the first step (1, 1) of height j for 1 < j ' < %. We can decompose the path 
L into S1R1S2R2 ■ ■ ■ SiRitQ, where Rj G J/z for all j and Q G Note that l(sj) = 1 and 
w(sj) = 1 for all j, l{t) = and w(t) = <ii. This provide the term I diZ 1 I [F 3 (2;)] l+1 . I 

For Classes i = 1,2, 3, let /j ;n be the sum of the weights of the <Sj-nonnegative paths with 
length n for n > 1 and / i;0 =1. It is easy to see 

F t (z)=J2U,nZ n - (3) 

n>0 

3 The Chung- Feller property of Dyck type 

In this section, we will prove the Chung-Feller Theorem of Dyck type for Classes 1, 2, 3. For 
% = 1,2,3, let &i be the set of all the pointed <Sj-nonnegative path in which the length of 
the final step is no less than 1 and define the generating function 



Lemma 3.1 For Classes 1,2,3, we have 



(1) P 1 (y, z) = 1 + £ btz* E V j Fi(z) + E atz* E V j l^)} 2 

\ieB j=o J \ieA j=o J 

(2) P 2 (y,z) = l+(zb l z t EynF 2 (z)+(za l z* +1 Zy 1 ) [F 2 (z)} 2 

\ieB j=o J \ieA j=o J 

(3) P 3 (y,z) = 1+ ( E hz l £V J Hz)- 

\ieB j=o J 

Proof. (1) Given a path L G and L 7^ 0, we suppose that s is the final step of L 
and (x, 0) is the final point which the path L reach. Then L = [L, (x — 2j, 0)] for some 
< j < l(s) — 1. We discuss the following two cases: 

Case I. s — (2i, 0) for some % G B. We can decompose the path L into Rs, where 
R G jY\. Note that lis) = i , w(s) = h and j G {0, 1, . . . ,i — 1}. This provide the term 

em*eVVi(4 

K ieB j=o J 

Case II. s — (2i — 1, —1) for some % G A and % > 2. Let t be the right-most step leaving 
the x-axis. We can decompose the path L into QtRs, where R,Q G ,JV\ and t — (1, 1). Note 
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that l(t) = 1, w(t) = 1, l(s) — i — 1, w(s) = a* and j G {0, 1, . . . ,i — 2}. This provide the 



i-2 



term E «^ E ^' [^)] 2 - 

(2) The proof is similar to that of (1). 

(3) For any L G ^3, suppose s is the final step of L. Clearly, s 7^ (1, 1). Furthermore, 
we have s = (2i, 0) for some % G B since l(s) > 1. Using the similar method as Case I in (1), 
we can obtain the identity as desired. 

I 

Now, we turn to <Sj-path for Classes i — 1,2, 3. Let Jzfj be the set of all the <Sj-paths. 
Define the generating functions 

Gi(y,z)= ^™(L)/ L W 
Lemma 3.2 For Classes 1, 2, 3, we have 

(l)Gi(l/,*) = 1+ (X>yVjGi(y,z)+ (^a.yVjFiMd^z) 

+ ^a i y i - 1 ^Fi(«)Gi(y,«), 

1 

Equivalently, Gi(y,z) = 



1 - E ~ E a-iV** p i{yz) ~ E OiST 1 ^ F 1 (z) 



ieB 



ieA 



(2)G 2 (y,z) = 1+ (X>yVjG 2 (y,*) + (]T 

Vies / VieA 

+ ^a !? /V +1 F 2 ( 2 )G 2 (t/,z), 



a^+V +1 \F 2 (yz)G 2 (y,z) 



Equivalently, G 2 (y,z) 



1 - E ~ E F 2 (yz) - E W 



ieB 



ieA 



ieA 



(3) G s (i/,z) = 1 + ( ^Oij^y^Wyz^lFsWY ) G 3 (y,z) 

.ieA j=o 



+ (X>vVJG 3 (!/,*). 
\ieB J 



Equivalently, G 3 (y,z) 



1 - E by** - E E y'-^fsWl^'^WF 

ieB ieA j=0 
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Proof. (1) Given a path L e ifj and L ^ 0, we suppose that s is the first step of L. We 
discuss the following three cases: 

Case I. s — (2i, 0) for some i E B. We can decompose the path L into sR, where R E J£?i. 
Note that /(s) = i , iy(s) = 6« and /i(s) = 0. This provide the term I E ^iV %z% ) Gi(y, z). 



\ieB J 

Case II. s = (2i — 1, —1) for some i E A. Let t = (1, 1) be the left-most step returning 
to the x-axis. We can decompose the path L into sQtR, where R E jSf l5 and if we view Q 
as a word S1S2 • • • s r of the steps in «Si, then Q = s r s r _i . . . si E Note that l(t) = 1, 
= 1, Z(s) = i — l, iu(s) = aj, /i(s) = —1 and h(t) = 0. This provide the term 



E^yV Fi(f)Gi(|/,4 
Case s = (1,1). Let £ = (2i — 1,-1) be the first step returning to the x-axis. 
We can decompose the path L into sQtR, where R G 5£\ and Q G Note that l(t) = 
i — 1, = Oj, /(s) = 1, iu(s) = 1, h(s) = 1 and h(t) = 0. This provide the term 

(^a i y i - 1 z i )F 1 (z)G 1 (y,z). 

\ieA J 

(2) The proof is similar to that of (1). 

(3) Given a path L G Jzf 3 and L 7^ 0, we suppose that s is the first step of L. We discuss 
the following two cases: 

Case Is— (2z, 0) for some i E B. Similar to Case I in (1), we can obtain the term 

(^hy'A G 3 (y,z). 

Vies / 

Case II. s G' Sb- Let t = (1, — 2% + 1) be the left-most step which passes the rr-axis 
and has height —% + j for some % E A and < j < i. Furthermore, let s r be the first 
step (1,1) with height r for any 1 < r < j. Let u r be the first step (1,1) at the right 
of t with height — r + 1 for any 1 < r < i — j. So, we can decompose the path L into 
S1R1S2R2 ■ ■ ■ SjRjtQ 1 u i -jQ 2 u i -j-i . . .Q^jUiT, where R r E for all 1 < r < j, T G Jz?3, 
and if we view Q r as a word s' r l s' r 2 ■ ■ ■ s' r k of the step in <S 3 , then Q r = 4,fc s r,fc-i • • • s 'r,i e ^3 
for all 1 < r < % - j. Note that l(s r ) = 1, w(s r ) = 1, /i(s r ) > 1 for all 1 < r < j, Z(f) = 0, 
w(t) = Oj, /i(t) < 0, /(-u r ) = 1, iu(u r ) = 1 and h(u r ) < for all 1 < r < i — j. This provide 

the term [ E E ^[F 3 (^)]^[F 3 (^)]^ ] C 3 (y, z). I 
\i£A j=o y 

Recall that ^t} is the set of all the pointed («Sj, l)-path in which the length of the final 
step is no less than 1 and z) — E w(L)y lp ^ z l ^~Hoi i = 1,2, 3. 
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Lemma 3.3 For Classes i — 1,2, 3, we have 



Di(y,z) = Gi(y,z)Pi(y,z). 



Proof. For any % = 1,2,3, let L G M}. Let s be the right-most step (1, 1) leaving x-axis 
and reaching the line y — 1. We can decompose the path L into RsQ, where R G Jzfj and 
Q G ^. Hence, *) = G l (y, z)P i {y, z). I 
Now, we are in a position to prove the Chung-Feller theorem of Dyck type for Classes 
1,2,3. 

Theorem 3.4 For Classes i = 1,2, 3, let fi ]n ,m be the sum of the weights of the pointed 

(Si, 1) -lattice paths which 

(a.) have length n + 1, 

(b.) have non-positive pointed length m, 

(c.) have the length of the final step no less than 1. 

Let f i;n be the sum of the weights of the Si-nonnegative paths with length n. Then fi- n ,m has 
the Chung- Feller property of Dyck type, i.e., / i; „ jm = f i]n . 

Proof. First, we consider Class 1. By Lemmas 3.1, 3.2 and 3.3, we have 
D 1 (y,z) = G 1 (y,z)P 1 (y,z) 

i + f E hz l E y 3 J Fi(z) + I E a t z* E y 1 ) [Fi(^)] 2 

\i£B j=0 I \ieA j=0 



1 - E bitfz* - E OiV'z* Ftlyz) - E (HV^ ) F^z) 

ieB \ieA J \ieA 





1+ 


E to* E y J 

\ieB j=o J 




E tkz* E y J 

\ieA j=o J 


[Fi{z)f 


Fi(yz) 


i - E hy i z i - ( E a iV izi ) F i(v z ) - ( E UiV 1 ' 

ieB \i€A / \ieA 


Fi(z) 


Fi(yz) 



1 + ( E to* EV ) Fi(z) + f E tkz* EV I \Fi(z)f 
;es j=o I \ieA j=o 



Fi(yz) 



l-(Y,aiy i - 1 AF 1 (z)F 1 (yz) 

\i€A J 
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since Lemma 2.3 tells us Fi(yz) — I E hy l z l ) F 1 (yz) — I E a iV l z l ) [Fi(yz)} 2 = I. Note 

\i€B J \ieA / 

that 



1+ 




*!(*)+( 




Vies j=o J 




1+ 







l 



VteB / \ieA J 

yF 1 (yz) + ( 5>*y ) F 1 (z)F 1 (yz) + ^a^y- 1 ) [^(z)] 2 ^^) - F^F^) 
Vies / VieA / 

Furthermore, since I X] &i<z l y* ) F\{yz) = F\(yz) — I X] ^jy*- 2 * ) [F\{yz)} 2 — 1, we get 
\ieB J Vife.4 / 

ViG-B j=0 / ViGA j=0 J 

yF 1 (yz)- [Y,^y l A myz^F^z) - F^z) + (y^^zY- 1 ) [F^z)} 2 F^yz) 



y-i 

[yF 1 (yz) - F 1 (z)] 



1- (j2a i y i - 1 z i )F 1 (z)F 1 (yz) 
\ieA 



^ieA 



Hence, 



y-i 



Di(y,z) 



yF^yz) - F 1 {z) 

V E fi;nV n z n - E /i;n* r " 



n>0 



n>0 



n>0 



y-i 



n>0 m=0 
n 

= EE/^ n 

n>0 m=0 

This implies /i ;n ,m = /i;n for all < m < n. Similarly, we can prove the theorems for Classes 
i = 2,3. I 
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Corollary 3.5 (Chung-Feller.) LetS = {(1, 1), (1, -1)} ; w(s) = 1 for any s G S, Z((l, 1)) = 
1 andl((l, —1)) = 0. Then the number of the (S , 0)- lattice path with lengthn and non-positive 
length m is the n-th Catalan number. 



Proof. For any a pointed (S, l)-lattice path, we suppose that s is the final step in this 
path. Then s = (1, 1) since Z((l, —1)) = < 1. If we delete the final step of this path and 
erase the marked point, we will obtain an (S, 0)-lattice path with length n and non-positive 
length m. By Theorem 3.4, the number of the pointed (S, l)-lattice path with length n + 1 
and non-positive pointed length m in which the length of the final step is no less than 1 
is equal to the number of the 5-nonnegative paths with length n. By Lemma 2.3, we have 
Fx{z) = 1 + zlF^z)} 2 since S = {(1, 1), (1, -1)}, w{s) = 1 for any s G <S, /((l, 1)) = 1 and 
Z((l, —1)) = 0. Hence, the number of the iSi-nonnegative paths with length n is the n-th 
Catalan number. This complete the proof. 1 

Corollary 3.6 Let S = {(1, 1), (1, -1), (1, 0)} ; w(s) = 1 and l(s) = 1 for any s G 5. Then 
the number of the (S, 1) -lattice path with length n + 1 and non-positive length m is the n-th 
Motzkin number. 

Proof. For any a pointed (S, l)-lattice path, we suppose that the final point in this path 
is (x, 1). Then the marked point must be (x, 0) since l(s) = 1 for any s G S. So, we can 
erase the marked point. By Theorem 3.4, the number of the pointed (S, l)-lattice path 
with length n + 1 and non-positive pointed length m is equal to the number of the S- 
nonnegative paths with length n. By Lemma 2.3, we have F 2 (z) = 1 + zF 2 (z) + z 2 [F 2 (z)} 2 
since S = {(1, 1), (1, —1), (1,0)}, w(s) = 1 and l(s) = 1 for any s G S. Hence, the number 
of the iS-nonnegative paths with length n is the n-th Motzkin number. This complete the 
proof. I 
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Fig. 2. An example of Corollary 3.6, where n = 4 



Corollary 3.7 Let S = {(1, 1), (5, -1), (1, -1)}, w(s) = 1 for any s G S, Z((l, 1)) = 1, 
Z((5, —1)) = 2 and Z((l, —1)) = 0. Then the number of the pointed (S, l)-lattice path with 
length n+1 and non-positive pointed length m is equal to the number of the S-nonnegative 
path with length n. 

We omit the proof of Corollary 3.7. In Fig. 3, we show an example of this Corollary with 
n — 3, where * denote the marked point. 



AA4 Ss/Ss. Z^\4 

\^/v^ v^y^ \^7^ 

Fig.3. An example of Corollary 3.7, where n = 3. 

Corollary 3.8 Let 5 = {(1, 1), (2, 0), (1, -3)}, w(s) = 1 for any s e S, Z((l, 1)) = 1, 
Z((2, 0)) = 1 and /((l,— 3)) = 0. Then the number of the pointed (S,l)-lattice path with 
length n + 1 and non-positive length m is equal to the number of the S-nonnegative path with 
length n. 

We omit the proof of Corollary 3.8. In Fig. 4, we show an example of this Corollary with 
n = 3. 



/r. 



y. 



Fig.4. An example of Corollary 3.8, where n = 3. 
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4 The Chung- Feller property of Motzkin type 



In this section, we will prove the Chung- Feller Theorem of Motzkin type for Classes 1,2. For 
i — 1,2, recall that an (Si, — A;)-nonnegative path is an («Sj, — fc)-lattice path which never goes 
below the line y = —k, where k > 0. -jV~ k is the set of all the (Si, — /c)-nonnegative path. 
Define the generating functions 



Lemma 4.1 For Classes 1,2, we have 



and H*(z) = [F 2 (z)\ 



fc+i 



Proof. For any a path L G ^~ fc and L 7^ 0, we consider the first step s m with height — m, 
where 1 < m < k. Thus we can decompose the path L into LqS\L\s 2 ■ ■ . Lfc_iSfcLfc, where 
L r G Jfi for all < r < k and Sj G Sa for all j. Thus, 



H*{z) = [Fi(z)\ 



fc+i 



and # 2 fe (z) = [F 2 (z; 



lfc+i 



J2 aizi 



Now we focus on the generating functions M^(y, z) = ^ w(L)y mlp ^ z 1 ^ 1 for 2 = 1, 2. 



Lemma 4.2 For Classes 1,2, we have 

M 1 (y,z) = — 



P 1 (y,z)F 1 (yz) 



1 - 



and 



M 2 (y,z) 



P 2 (y,z)F 2 (yz) 



aiy l z i+l 



[F 2 (yz)F 2 (z)\ 



Proof. For any k > 0, let ^l(k) be the set of all the paths L in the set such that 
m(L) = —k, where m(L) is the minimum value of L. Clearly, ^} = [J */#/(&;). Given a 

fc>0 

path L G ^l(k) and L ^ 0, using the absolute minimum position of L, we can decompose 
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L into R(l, 1)T, where R e ^ k . For the path T, we consider the rightmost step (1,1) 
with height — m , where —1 < m < k — 1. Thus we can decompose the path T into 
Lfc_i(l, l)Lfe_ 2 (l, 1) . . . Aj(1, 1)0) where Lj is iSj-nonnegative path for all < j < k — 1 and 
Q G where ^ is the set of all the pointed Sj-nonnegative path. Hence, by Lemmas 3.1 
and 4.1, we get 



Hence, 



and 



M t ( y ,z) = J2 H i(y z )i F i( z ^ zkp i(y^)- 



k>0 



M 1 (y,z) = P 1 {y,z)F l {yz)Y J [Fi{yz)] k 



k>0 



kk 



[Fi{z)fz 



P 1 (y,z)F l (yz) 



[F 1 (yz)F 1 (z)] 



M 2 (y,z) = P 2 (y,z)F 2 (yz)J2[F2(yz)) f 

k>0 

P 2 (y,z)F 2 (yz) 



ai y izi 



[F 2 (z)] k z k 



aiy l z i+l 



[F 2 {yz)F 2 {z)} 



Now, we can prove the following Chung- Feller theorem of Motzkin type for Classes 1,2. 

Theorem 4.3 For Classes i = 1,2, let gi- n , m be the sum of the weights of the pointed (Si, 1)- 
lattice paths which 
(a.) have length n + 1, 

(b.) have absolute minimum pointed length m, 
(c.) have the length of the final step no less than 1. 

Let f i;n be the sum of the weights of the Si-nonnegative paths with length n. Then gi- n ,m has 
the Chung-Feller property of Motzkin type, i.e., g^ ntm = fi-,n- 



Proof. In fact, we derived 



Mi(y,z) 



yFjjyz) - Fjjz) 
y-1 



in the proof of Theorem 3.4 for % = 1,2. Hence, the theorems hold. 
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Corollary 4.4 (L. Shapiro) Let S = {(1,1), (1, -1), (1, 0)}, w(s) = 1 and l(s) = 1 for any 
s G S. Then the number of the (S, l)-lattice path with length n + 1 and absolute minimum 
pointed length m is the n-th Motzkin number. 

Proof. For any a pointed (S, l)-lattice path, we suppose the final point in this path is 
(x,l). Then the marked point must be (x, 0) since l(s) = 1 for any s G S. So, we can 
erase the marked point. By Theorem 4.3, the number of the pointed (S, l)-lattice path 
with length n + 1 and absolute minimum pointed length m is equal to the number of the 
iS-nonnegative paths with length n. By Lemma 2.3, we have F 2 (z) = 1 +zF 2 (z) +z 2 [F 2 (z)] 2 
since S = {(1, 1), (1, —1), (1,0)}, w(s) = 1 and l(s) = 1 for any s G S. Hence, the number 
of the iS-nonnegative paths with length n is the n-th Motzkin number. This complete the 
proof. I 

Corollary 4.5 Let S = {(1, 1), (1, -1)}, w(s) = 1 for any s G S, 1)) = 1 and 
Z((l, — 1)) = 0. Then the number of the S-path with length n and absolute minimum pointed 
length m in which the length of the final step is no less than 1 is the n-th Catalan number. 

Proof. For any a pointed (S, l)-lattice path, we suppose the final step in this path is s. 
Then s = (1, 1) since /((l, —1)) = < 1. If we delete the final step of this path and erase 
the marked point, we will obtain a iS-path with length n and absolute minimum length 
m. By Theorem 4.3, the number of the pointed (S, l)-lattice path with length n + 1 and 
absolute minimum pointed length m in which the length of the final step is no less than 1 
is equal to the number of the 5-nonnegative paths with length n. By Lemma 2.3, we have 
F x (z) = 1 + ziFiiz)} 2 since S = {(1, 1), (1, -1)}, w(s) = 1 for any s 6 5, Z((l, 1)) = 1 and 
Z((l, —1)) = 0. Hence, the number of the 5-nonnegative paths with length n is the n-th 
Catalan number. This complete the proof. I 








Fig.5. An example of Corollary 4.5, where n = 2 
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5 Conclusions 



By Theorems 3.4 and 4.3, the lattice paths in Classes 1 and 2 have the Chung-Feller properties 
of both Dyck type and Motzkin type. We only prove the Chung-Feller theorem of Dyck 
type for Class 3. In fact, the lattice paths in Class 3 have the Chung-Feller properties of 
Motzkin type as well. We don't include this result in this paper since the statements are 
very complicate. 

There are many lattice paths which have the Chung- Feller properties of both Dyck type 
and Motzkin type. For simplify, we set S = {(1, 1), (1, — 1)}, w(s) = 1 for any s G S, 
Z((l, 1)) = 1 and Z((l, —1)) = 0. Let 6 be a mapping from Jz? to N, where J2? is the set of all 
the (S, l)-lattice path. 9 is called a parameter on (S, l)-lattice path. For any < m < n, 
if the number of the (S, l)-lattice path L with length n such that 0(L) = m is independent 
on m, then we say that 9 is a Chung- Feller parameter for (S, l)-lattice paths. There are two 
Chung-Feller parameters on (S, l)-lattice path: non-positive pointed length and absolute 
minimum pointed length. To end this paper, we propose a problem: are there the other 
Chung-Feller parameters on (S, l)-lattice paths? 
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